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We consider the n—dimensional Dirac operators with singular — type
potentials supported on hypersurfaces in IR”.  In dimensions 2 and 3, such
operators arise in problems of penetration of relativistic particles through
obstacles created by potentials with supports on curves and surfaces.

In a rigorous setting, formal Dirac operators with singular potentials are
realized as unbounded operators in Hilbert spaces with domains described
by interaction conditions on sets carrying singular potentials.
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In the last decade, the study of the spectral properties of such operators in
dim 2 and 3 has attracted a lot of attention of many authors. See:
Arrizabalaga, N.,Mas,A.and Vega,L. (2014); R.D.Benguria, S. Fournais, E.
Stockmeyer, H. Van Den Bosch(2017); Brasche,J.F.,Exner, N.
Arrizabalaga, A. Mas, and L. Vega (2014);
Behrndt,J.,Exner,P.,Holzmann,M.,Lotoreichik,V (2017);
Behrndt,J.,Exner,P.,Holzmann,M. Lotoreichik,V. (2018); Behrndt,J,
Holzmann, M., Ourmiéres-Bonafos, T., Pankrashkin,K. (2020), Cassano,B.,
Lotoreichich,V., Mas,A., and Tusek,M (2021); Holzmannm, M (2021).
There is extencive literaure devoted the boundary value problems for the
Dirac operators and their applications in te index theory and geometry.
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We consider the formal Dirac operators on IR”

Dp.o,mrsy = Da0,m+ s (1)

where

QA,CD,m = Déj(DXj + A) + mapi1 + Ply (2)
=1

= a-(D+A)+ muny1 + @y, Dy = —idy

n

is the Dirac operator on IR” with a regular magnetic potential

A= (Al, ...,An), electrostatic scalar potential ®, and with variable mass
m of particles. In formula (2) j,j =1,...,n+ 1 are the N x N Dirac
matrices, that is the Hermitian matrices satisfying the relations

ajtxk—i—ucktxj:25JkIN,j,k:1,...,n+1. (3)
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where [y is the N x N unit matrix, N = N(n) = 2l("+1)/2] Tés is the
singular potential, I' = (F,-,j)ll.\’ljzl is N x N matrix and dx, is the
delta-function with the support on a uniformly regular C?—hypersurface
>, C R" being the common boundary of open sets () C R".

(The definition of uniformly regular hypersurface will be given below. It
should be noted that this class contains both bounded and unbounded
hypersurfaces.)

We assume that A;, ®, m belong to L*(IR"), and I';; € C}(X) the space
of differentiable on X functions bounded together with their derivatives.
Important examples of singular potentials are the linear combination of
electrostatic and Lorentz singular potentials

I'=napt1 + Tly on X (4)

where the functions 7, T € CL(Z).
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Let H*(Q4,C") be the Sobolev spaces of distributions on QF with
values in CV and H}(R™Z,CV) = H1(Q4,CY) @ HH(Q-,CN). We
associate with the formal Dirac operator Da & m s the unbounded in
L2(R", C") operator Da o, m s, defined by the Dirac operator Da ¢,m
with domain defined by the interaction (transmission) condition

dom DA,Q,m,%z = H%Z (IR”\Z, CN) (5)
= {u € H'(R™N\Z,CY) : Bru=a,7fu+a_ysu=00n Z}

where 75 : H}(Q*,CN) — HY/2(Z,C") are the trace operators, and
1 .
aizil":F/oc-v on X, (6)

a-v =Y/ a;vj, v=(vy .., V,) is the field of unit normal vectors to =
directed into ().
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The first part of the talk we discuss the self-adjointness in L?(R",C")
of unbounded operators Da & m 3, associated with the singular Dirac
operator.

The second part is devoted to the essential spectrum of operator
Da,®.m 35 if the interaction hypersurface X is bounded or unbounded.
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Uniformly regular hypersurfaces

We say that 2 C R" is a uniformly regular hypersurface if : (i) there
exists r > 0 such that for each point xg € Z there exists a ball

B/ (x0) = {x € R": |x — xp| < r} and a diffeomorphism
¢, Br(x0) — Bi1(0) such that

9y, (Br(x0) NX) = B1(0) NRJ,™;

(ii) Iclet @l Wiy i = 1,..., n be the coordinate functions of the mappings
Pyyr Px, - Then

sup sup
X0€X || <2,x€B,(x0)

B“QDLO (x)‘ < 00, sup sup
X0€X || <2,x€B,(x0)

a‘"lpio(x)‘ <ooi=1,.

Note that compact closed C?—hypersurfaces are uniformly regular
automatically.
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Realization of Dirac operator with singular potentials as an

unbounded operator

Let

@A,Qm,rgu(x) = (@A,q:.,m + 1"52) I.I(X),X eR”
be the formal Dirac operator defined by formulas (1),(2). We assume that
Y. is the C>—hypersurface in R", Aj,®, m e [®(R"),

N

I'= (ri,j)i,j:1 Tij e CI}(Z)-
We define the product T'dzu where u € H*(R"™\ X, CV) as a distribution
in D'(R",CN) = D'(R") ® CN acting on the test functions
@€ C(R",CN) as

(o) (@) = 5 [T() (3u(s) +750(9) -pls)ds, (1)
N
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Formula (7) yields that in the distribution sense

. _ 1 _
Da.o,mrssU = Dao,mu— |ie-v (y5u+ysu) — EF (vdu—yzu)| dx

(8)
where D ¢ mu is the regular distribution given by the function
@A@,mu S LZ(IR",CN).
It yields that Da ¢ mrs,u € L2(R",CV) if and only if
1
—ioc-v('y;u—'ygu)+§1"('y§u+'y£u):Oon x. (9)
Condition (9) can be written of the form
Byu=a,ysut+a_yzsu=0o0n X (10)
where a4 are N X N matrices:
1 . 0
ai:EI’:Fux-v onX,a-v :J;zxjvj (11)

where v = (v1, ..., V) is the field of unit normal vectors directed to Q_.
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We associate with the formal Dirac operator Da ¢ 15, the unbounded in
L2(R",CN) operator Da ¢.m s, defined by the Dirac operator Da ¢,m
with the domain domDa ¢ m s, = H%Z (R™\Z,C") and the bounded
operator of the interaction (transmission) problem

Dao,muon RN X,

Byu =a,ysu+a_yyuon X (12)

Da,o,mssu = {

acting from H'(R™\ X, C") into [>(R",CN) @ H/?(Z,CV).
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Parameter-dependent interaction problems

Let

Da @,m sy (it)u = (Da,o,mea, — i) u (13)

_ { Dno(if)u= (Daom— ifly)uon R™\Z,

Byu=a,yfu+a_ysuonX HER

be the operator of parameter-dependent interaction problem acting from
HY(R™Z,CV) into L2(R",CN) @ HY/2(Z,CN).

We assume as above that

Aij=1..,n® mel®R")T;e CE(Z), i,j=1,...,N, where

Y. C R" is a C?>—uniformly regular hypersurface being the common
boundary of domains Q). We consider the invertibility of the operator
DA @,m s, (1) for large values of |y .
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(i) Since
D(in)DY(—ip) = (a-D —iply) (- D+ iply) = (=An+ ) Iy

the operator Da o m(ipt) is elliptic with parameter.
(ii) The main part of the parameter-dependent operator IDa o, m s, () is

Dg s, (in)u(x) = (Dg s, — iptly) u(x) (14)

D(ip)u = (a-Dy — iply) u on R™N\Z
M ER,
Bru = a+’yzu+a Ysuon X

where a4 = %F:F ix-v.
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Passing to the local coordinate system at the point xp € X, and freezing
the coefficients, we obtain the interaction operator

)
D%(ip)w = (&-D, — iply)won (R7T UR")
= | Bre1(0)w = 34 (x0) 7 W + 3 (x0) 70 1w on R7 (15)
y' y'
where ]R;fl = {y ERJ:y, = O} , & = (&1,...,&,) are new Dirac
matrices, and &1 (xo) = 3T (xo )F iin, and
w € HY(R?,C") @ H(R",C") with the discontinuity on R""1,
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We study the invertibility of the operator ]Damwfl(xo)(iy) for

1 € R\ {0} . Applying the Fourier transform with respect to y’ € R" !
we obtain the family of one-dimensional interaction problems

(& - &' — ifpL — iply)W(z), z € R\O
Dy, 1 (x0) (& i1)W(2) = Bro-1(x0)W(2)
= 31 (x0) g W(0) + 3-(x0) 7o W(0)

(16)
acting from H*(R\0,C") to L?(R,C") & C" where &' € R"L.
Note that Dy s, , (x,) (i#t, ') is invertible for (¢, i) € S"* if and only if

ker Du,%Rn,l(xo)(iV' C/) = {O} :
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The homogeneous equations on the half-axis Ry = {z € R: z = 0}

(&-¢ - i&"diz —iply)Wg (u,8',z) =0,z 2 0. (17)

has exponentially decreasing solutions

w (8 z,p) = Wéi@’, e 2200 = /[T +p2 (18)

where
0L\ u) = iply+& - +ip,,
N . X
er(u) = Y &(& e, & (& ) e AR
j=1

and {ej}JI.Vzl is a base of C"V. Note that rank ©1 (&', ) = § for every
(&' p) es"
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N/2
There exists a sub-systems { e of {e-}l-v, such that the vectors
) JJj=1

4+t _ @i(CI:P‘) + "
{hj (& u) = 20 €; }j:1

are linear independent. Hence, the general exponentially decreasing
solutions of the homogeneous equations (17) are

N/2
W (g z,p) (Zci & wh (&, V)) e™?,220 (19)

where &_(&' 1) € I:I1/2(]Rg,_1) are arbitrary functions.
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Substituting w4 (@’ z, y) into the interaction conditions we obtain the
system of N linear equations

N/2 .
;(5’+(C',V)é+(xo)hf(é’,ﬂ) & wa-(o)hy (&) =0 (20)

with respect to

(& ), e ) (), eV ) e OV
with the N x N—matrix M, (&', 1)

M, (&' u) = (+(xo>h*(é 1) as (o)hy (8 ) (21)
3 (xo)hy (& 1), a-(x0)hy o (& 1))-

ol
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We say that the operator Da o,m s, (i}) satisfies: (i) the local
parameter-dependent Lopatinsky-Shapiro condition at the point xp € X if

det 9, (&, 1) # O for every (&, u) € 8", (22)
ii) the uniform parameter-dependent Lopatinsky-Shapiro conditions if

inf |det M, (&', )| > 0. (23)
x€X, (& ,p)esn-1

Theorem

Let: (i) Aj,j=1,...n, &, me L*(R"), (ii) X C R" be the uniformly
regular C*—hypersurface, the matrix T = (Tyy)¥ _, € CL(Z, B(CV)), (iii)
the uniform parameter-dependent Lopatinsky-Shapiro conditions (23) be
satisfied. Then there exits y, > 0 such that the operator

Do, m sz, (i) : HH(R" /2, CV) — L2(R", CV) @ HY2(Z,CV)

is invertible for all y € R : |u| > p,.
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The proof of the theorem uses a countable partition of the unity of finite
multiplicity, which exists for an unbounded hypersurface % due to its
uniform regularity.

Corollary

Let the conditions of Theorem 1 be satisfied. Then there exists a constant
C > 0 such that for every function u € H*(R"\X,C") the a priori
estimate

Hu”Hl(]R"\Z,C’V) <C <||©A,<I>,mUHL2(Rn,CN) + H'YZUHHI/Z(Z,CN) + Hu”L2(]R",C

(24)
holds.

v
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Self-adjointness of unbounded operators

Let Da,a,mm, be an unbounded operator L?(IR",CV) associated with the
formal Dirac operators (1),(2) which is defined by the Dirac operator

Dpom =& (Dx+A)+a,r1m+ Ply
with the domain

domDa,¢,m sy = Hy, (R™NE,CY)
= {u € HH(R™\Z,CY) : Byu = a;7fu+a_ysu=0on Z},

1 .
ay = §F$/v-a.

Vladimir Rabinovich (National Polytechnic Ins 25/08/2021 21 / 44



Theorem

Let 3 C R" be the uniformly regular hypersurface, the vector potential
A € L°(R",RV), scalar potentials ®, and the variable mass m € L*(IR")
be real-valued, and T = (FU)QIJZI be an Hermitian matrix with elements
[; € CL(Z). Moreover, we assume that the uniform Lopatinsky-Shapiro

condition (23) is satisfied. Then the operator Da o,m m, is self-adjoint in
L2(R",CNM).
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Proof.

The uniform Lopatinsky-Shapiro condition (23) yields a priori estimate
(24) which implies that the operator Da ¢, m, %, is closed. Let
u,v € domDp & m s, Integrating by parts we obtain that

<@A,q>,mu, V>L2 (Rn,CN) — (u,@A,va)Lz(]Rn’CN) (25)

— (0 (o= r59) 7Y =W

+ % (rgu—rzu,T(rgv — 7£V>L2(2,CN) :
Since the matrix I' is Hermitian the right side part in (25) is 0. Hence
Da,®,m 35 IS Symmetric.

We consider the operator D—ipul where u € R. If |u| is large enough the
operator Da ¢, msy —iptl : HY(R™Z,C") — L2(R",C") is invertible. It
implies that the defficiency numbers of Da @ m %, are 0. Hence the
operator Da o, m 3, is self-adjoint. O]
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Electrostatic and Lorentz interactions on hypersurfaces

Let T = 57ly + Tap1 where 17, T € CE(Z) are real-valued functions. Let

inf [7%(s) — T(s) — 4| > 0. (26)
seX

Then the uniform Lopatinsky-Shapiro condition is satisfied . Ley the

potentials A, &, m be real-valued and condition (26) holds. Then by

Theorem 3 the operator Da o,m %, is self-adjoint if the potentials A, ®, m

are real-valued and condition (26) holds.

Condition (26) of self-adjointnes has been obtained for dim 2, 3 by different

methods in the papers: Behrndt,J.,Exner,P.,Holzmann,M.,Lotoreichik,V:

On Dirac operators in IR® with electrostatic and Lorentz scalar J-shell

interactions, Quantum Stud.: Math. Found.,

https://doi.org/10.1007 /s40509-019-00186-6, (2019)

Behrndt,J, Holzmann, M., Ourmiéres-Bonafos, T., Pankrashkin,K.:

Two-dimensional Dirac operators with singular interactions supported on

closed curves Journal of Functional Analysis, V. 279, Is. 8, 108700 (2020)
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Splitting of the interaction conditions

For some types of obstacles, the penteration of particles is physically
forbidden, and mathematically, penetration problems are divided into two
boundary value problems. Such boundary value problems, describing the
confinement of hadrons in a bounded volume, were first considered in the
physical literature (A. Chodos, RL Jaffe, K. Johnson, CB Thorn, VF
Weisskopf (1974), A. Chodos (1975), Johnson K (1975) These problems
are called the MIT bag models (MIT - the Massachusetts Institute of
Technology, where this hadronic model was first proposed).
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We consider the interaction problem

@A@,mu = f, on ]R"\Z,

Byu=a;yiu+a_yzu=@onX (27)

Da o ms.u = {

where ay (s) = 3T'(s) F i - v(s). The interaction condition Byu = ¢
can be written as

Prydu+P ysu=i(a-v)@on X (28)

where ]
i

Pi:%(/NiM), and M =~ (a-v)T on X. (29)

N |
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Assume that

M? = Iy. (30)
Then
2 1 1
(PE)" = 7 Un & Mr)? = 2 (I £2M+ M?) = P*,
PP = %(/N —m?)=o.

Hence the operators P* under condition (30) are the orthogonal
projectors in CN and interaction condition (27) splits into two independent
boundary conditions

PEytu=PFi(a-v)pon L.

Hence in this case the interaction problem (27) splits into two boundary
problems for Dirac operator

Dao,mu+ = f1 on Oy,

Yur = PEi(a-v)@on T (31)

Da,@,m,Piui - { rP:I:
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Example
Let I' = iy + tapy1,7, T € R. Then

i i
M = E(oc-v)l“: E(a-v) (nly + Tans1)
and M? = —% (7> — t2)Iy. Hence M? = Iy if #> — t> = —4. Under this
condition the interaction problem (27) splits into the orthogonal sum of
the boundary problems

D uon Q)

+ _ A.®,m +
Paomst = { PEryfu=PFi(a-v)pon T (32)
If 7 =0 and T2 = 4 the boundary value problems (32) for n=3,N = 4
are called the MIT bag problems and they describe the confinement of
particles in domains bounded by the hypersurfaces X.
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Fredholmness and essential spectrum of interaction

operators

We consider the Fredholm theory of the interaction operators

Dadmuon R\ X
Da,o,ms.u = { AP N

Byu=a,yfu+a_ysuonX (33)

acting from H'(R™\ X, C") into L>(R",CV) ® H*/?(Z,C") and the
essential spectrum of unbounded operators Da ¢ m ,. We consider here
two types of the interaction problems:

(a) X is a closed C?>—hypersurface; (b) X is a C>—hypersurface which are
slowly oscillating at infinity, (c) A;, ®, m € SO'(IR") where

SOY(R") = {a € CA(R") : lim dya(x) = o}

is the class of slowly oscillating at infinity functions. (d) The
Lopatinsky-Shapiro condition

det M, (&',0) #0if |¢'| =1 (34)
holds at each point x € X.
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Local principle

Cut-off functions: Let i € C°(B1(0)), and ¢(x) =1 for x € By /,(0),

0<y(x) <1 x(x)=1—-19(x), pr(x) = ¢p(x/R),
Xr(x) = x(x/R),R > 0.

Definition

Let X = HY(R" /%, CV),Y = [2(R",C"N) @ H/?(Z,CV). We say that
the operator Da @ m 3, : X — Y is locally Fredholm at the point xo € R"
if there exist a ball B¢(xp), € > 0 and operators Ly, Ry, € B(Y,X) such
that for every function ¢ € C§°(Be(x0))

L Daw,m s @lx = ¢lx + Ky,
¢Dao,mm, Ry = ¢y + Ky,

where K, € K(X), Ky, € K(Y);
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We say that the operator IDa o,m 3, : X — Y is locally invertible at
infinity if there exists R > 0 and operators Lg, Rg € B(Y, X) such that

LrRDAo,m»3:XrIX = XrIX, (35)
XrDa o m»:sRr = Xrly-

.

(Local Principle) The operator Da @ mms, : X — Y is a Fredholm
operator if and only if Da & m %, is a locally Fredholm operator at every
point x € R" and IDp o m s, Is locally invertible at infinity.

Vladimir Rabinovich (National Polytechnic Ins 25/08/2021 31/ 44



Interaction on closed hypersurfaces

Let ¥ C IR” be a closed C?>—hypersurface. Since the Dirac operator is
elliptic, and local Lopatinsky-Shapiro condition (34) is satisfied at every
point x € X, the operator IDa ¢ m 3, is a Fredholm operator if and only if
DA @, m sy is locally invertible at infinity. The operator IDa ¢, m 3y
coincides with ®p ¢, outside a some ball By(R). It implies that
DA @, m 3, is locally invertible at infinity if and only if the Dirac operator
DA m has this property.
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Let the function a € C}(IR") and Z" 5 hy — oo. We consider the
sequence {a(- + hx) },en - Applying the Arzeld-Ascoli Theorem one can
find a subsequence {a(- + hy,)},op convergent to a limit function

a" € C,(IR") uniformly on every compact set K C R". If a € SO'(RR")
then the limit function a” is a constant.

Hence if A;, ®, m e SO(R™) then every sequence Z" > hy — o has a
subsequence hy, such that there exist limits

A(x+ hy,) — Ah,CID(x-i- hy,) — ", m(x + hy,) — m"

in the sense of uniformly convergence on the compact sets in R” where
Al cC" @' mheC.

The operator @Ath),,,m,, is called a limit operator defined by the sequence
hk — 00,
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Theorem

Let ¥ C R" be a closed C?-hypersurface, A, D, me so! (R™), and the
local Shapiro-Lopatinsky condition be satisfied at every point x € X.. Then
the interaction operator

Daoms : HH(R™NXZ,C) — [2(R",C") @ H/?(Z,CN) is Fredholm if
and only if all limit operators @Ah@h’mh are invertible.

Since Z)Ah oh mh are operators with constant coefficients the condition of
invertibility of ©Ah,CI>h,mh is

w-C+mhag g +®"#£0forall € R,

« = (&1, ...,p), &p41 are the Dirac matrices, & - § = a1y + ... + and,,.
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Corollary

Let X. C R" be a closed C?-hypersurface, A, D, me Yok (R") be
real-valued functions and the local Shapiro-Lopatinsky condition be
satisfied at every point x € 2. Then

SPess DA, m, % (36)
— (—oo, ”Tj;p@)()() — |m(x)|)} U {Ii)[liorlf(cb(x) + |m(x)|), —f—OO) :

Formula (??) yields that

Spdis DA.@.ms C (Iim sup(P(x) — |m(x)]), liminf(P(x) + |m(x)|) .

X—00 X—00
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The above theorem implies that

SpessDA,fb,m,% = U 5p©A”,<I>h,mh (37)
h

Note that

—~

SPD ph oh mh = (—oo,CDh — ‘th U [@h + ‘mh’ ,—{—oo) : 38)

Then (37) and (38) imply (36). O

Vladimir Rabinovich (National Polytechnic Ins 25/08/2021



Interaction on hypersurfaces slowly oscillating at infinity

We say that the unbounded C?—hypersurface ¥ is slowly oscillating at
infinity if for R > 0 large enough

x=(x',xp) €ER": x, = F(X), } (39)

/

. n __
YR =XNB —{ X'=(x1,....x-1) € B

where B, = {x € R": |x| > R}, f € C2(B% ) is a real-valued function,
such that

Iy, f € Co(R™1), lim 2 f(x')=0j,k=1,.,n—1 (40)

XjXk

Example.

f(x) :a}x"ﬁsinlog“‘x”,’x’| >R acR0<a<1,0<B< 1. (41)

If B =1, a =0 then X is a conical at infinity hypersurface, and if
0 < B <1, then X is a paraboloid, and if 0 < a < 1 then X is an
oscillating pertrubation of the cone or paraboloid.
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We consider the Fredholm property of the operator

@A@,mu on ]R"\Z

Byu=a,ysu+a_yguon X (42)

Da,o,mssu = {

under the assumptions:

(1) the hypersurface X is slowly oscillating at infinity;

(if) aj, @, m € SO(R");

(i) T = (Te)N,_; with Ty (x', f(x')) € SO(R"1);

(iv) the local Lopatinsky-Shapiro condition is satisfied at every point

X € X.

Conditions (i) — (iv) yield that IDa @ m s, is locally Fredholm operator at
every point x € R”. It implies that D, ¢ m %, is a Fredholm operator if
and only if this operator is locally invertible at infinity.
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For simplicity we assume that
L={x=('x) ER":x, = f(xX),x' = (x1, .. xp-1) ER"}
and X is the common boundary of the domains
Qs ={x=(x %) ER":x, 2 f(x),x e R"}.
We denote by ¥ : R" — IR” the isomorphism given as
Y=/ oym) = ¥(x) = (<oxn — F(x')).x = (X', x0) € R".
Hence

Y (Q:) =RL = {y: (' yn) €ER" 1y, 2 0}.
YE)={y=0 wm) eR":y,=0} = R
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Let
o ={x €ER": x = tw,w € S" 1, t >0}

—_~—

be a ray in R”, and ¥~!(/,) be a curve in R". We denote by R™Y the
compactification of IR” which obtained by adjoining to each ray ¥~*(/,)
the infinitely distant point 77,,. If ¥ = /| we obtain the radial
compactiﬁcation R" isomorphic to the closed unit ball B;. We denote by
>¥ the compactification of X in the topology ]R"Y and let

R§ ,, = R™ ‘Y\IR” and Xy o = Z‘F\Z be the corresponding sets of the
infinitely distant points.
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We introduce the families of limit operators defined by sequences tending
to infinitely distant points.

a) Let Z" 5 hy — 17, € R§ [\ Zy 0 in the topology R". Then the limit
operators ]Dg,@,m,%z are of the form

DZ,(D,m,%): = ©Ah,®h,ah =& (D + Ah) + mthn+1 + (Dh/]N

where A" = limy oo A(hy), " = limy o ®(hy), m" = limy_,o m(hy) are
constant. Note that

SPD ph i p = (—00, — ‘mh‘ + @") U[‘mh‘ + " 4-00).
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b) Let Z" > hy — 17, € Ly, in the topology R". Then the limit
operators defined by such sequences are operators of interaction on
hyperplanes

Dph g, mtt o0 R™ L,

h _
Da o mzs,u = { %]thu = air){ Ju+ a’ifyi ,uon L. (43)

where
(—1,VFh)
1/2
(1+vre?)

anh:{zelR”:z-nh:O},nh: e R",

where V" = limj Vf(hg), ai =Thxin' a,
I'" = limk_eo T (k) , hk — 77,, € Ty 0. Note that the hyperplane L, is
the common boundary of the half-spaces

lnh={x€1R”:x-nh20}.
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The next Theorem give the necessary and sufficient conditions for the
interaction operator IDa ¢,m %, to be a Fredholm operator.

Theorem

Let A;,®, m € SO'(R"),% be a slowly oscillating at infinity hypersurface,
the Lopatinsky-Shapiro condition hold at every point x € ¥.. Then

Daoms, : H (RNZ,CVY) — 2(R",CN) @ H/?(Z,CV)

is a Fredholm operator if and only if all limit operator DZ,CD,m,%z defined
by the sequence hx — 11, € Ry , in the topology of Ry are invertible.

v
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Corollary
Let conditions of the above Theorem hold. Then

h
SpessDA,'iID,m,%z = USPDA,q),m,%Z
h

where Da.o,m s » Dh o @, are unbounded operators in L2(R",C")
associated with IDa o, m %, ,]Df\ ®,m. By

v

Note that under aditional conditions the spectra of limit operators (43) are
SPDZ,cD,a,%Z = (—00, — ‘mh‘ + @) U[‘mh‘ + @' 400).
Under these conditions

5pessDA,<I>,m,%z
= (—oo,limsup(— [m(x)| + ®(x)] | Jlliminf(|m(x)| + P(x)), +oo.
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